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In a metal panel streBsed simultaneously In shear euid 
compression, the stress dlstrl'butlon immediately after 
"buokllng is still nonuniform and the second principal 
stress is not as yet negligllile. This condition designat- 
ed as "incomplete tension hay" Is descrlhed hy the present 
theory for the general case of comhlned Btresses and elae- 
tlcally flexible stlffeners. The hehaylor of the buckled 
plate Is marked by two factors, one of vhlch characterises 
the distribution of etreas, the other the geometrical de- 
formation xrhich occurs vith curved metal panels. The va- 
rlation of the factors with the stresses and deformations 
must be obtained by experiments. 



SUMHART 



The present report offers an approximate theory for 
the stress and deformation oonditlon after buckling of the 
skin in reinforced panels and shells loaded in simple 
shear and compression and under combined Btresses. The 
theory presents a unified scheme for stresses of these 
types; It is based upon the concept of a nontmlform stress 
distribution In the metal panel and its marked power of 
resistance against compressi've stresses ("Incomplete" ten- 
sion bay)* The stress distribution in the metal skin is 
designated by the factor (u which disappears with the 
gradual approach of the condition of "complete" tension 
bay; that is, the uniform stress distribution. In pure 
compresslTe stress a relation exists between factor u) 
and the "apparent" width. The geometrical distortion of 
curved metal panels under shear is expressed by the factor 
£y which also Taries with the load and, on approaching 

the complete tension panel, tends toward its maximum val- 

• qp a ■ ■ .... 

ue £ = - point of buckling the calculation 

*"Beitrage sur Theorle des unvollstandlgen Zugfeldes." 
Luf tf ahrtf orschung, vol. 14, no. 3, Uaroh 20, 1937, 
pp. 129-136. 
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goo8 oTor Into the theorems of the ela8tlclt7 theory. 

The factors u) and ij are o'btalnahle froa stress 
and deformation measurements on shell bodies. The stress 
distribution factor uu In flat panel strips can, "bj vir- 
tue of Wagner and Lahdeis experiments, he expressed In a 
simple formula. Further experiments, particularly on 
curved panels, are under vay at the D«7.La 

The condition Immediately after buckling Is In need 
of a theoretical analysis by more accurate energy methods, 
because this field presents great experimental obstacles, 
and such an analysis vould afford a cheek on several basic 
assumptions of the calculation method. 



I. IBTBODUCTIOK 



The stresses and deformations In thln-walled. rein- 
forced panels and shells under shear stress are usually 
calculated for the condition after buckling of the skin 
by Yagner*s tension bay theory (reference 1). This theory 
assumes a uniform stress condition In a field bounded by 
stiff eners vhlle disregarding for the time the compressiTS 
stresses taken up by the buckled sheet. The buckling 
stiffness of the sheet oan be allowed for by superposing 
the stress condition prior to buckling on the tension bay 
(reference 2). 

The experiments of Wagner and Lahde on metal strips 
(reference 3), the torsion tests of the S.T.L* on stiff- 
ened circular cylindrical shells (reference 4), and much 
practical experience have shown that the condition of 
Wagner's tension bay Is asymptotically reached when the 
shear stress transmitted by the metal skin reaches around 
50 to 100 times the buckling shear stress. But the- In- 
terim stage Immediately after buckling Is marked by non- 
uniform stress distribution and by a considerable influ- 
ence of the compresslYS stresses still taken up by the 
buckled sheet. This condition Is hereinafter designated 
as "Incomplete tension bey." The stiff eners In the lncom» 
plete tension bay are under smaller load than Wagner's 
theory would stipulate. 

In monocoque airplane designs, buckling of the cov- 
ering Is usually permitted at a load producing stresses 
between 10 and 50 percent of the allowable stresses. 
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That la., the ooverlng of the Btructural part In fall- 
ing condition la etlll In the .condition of Inconplete ten- 
alonal 1)8^. Tho need for a far more refined calciilatlon 
of todlea and vlnga niakea a comprehenalTe Inveatlgatlon of 
thla condition dealrahle, although the calculation accord- 
ing to Wagner >a aaaumptlona ia.alvaara on the "bafe" alder 

The purpoae of the preaent lureatlgatlon la to de- 
velop an app'rozlmata theory for the calculation of the 
atreBsea and def ormatlona if atlffened panela and ahella 
after huokllng of the akin. !Che theory covera the caaea 
of pure ahear, pure compreaalon , and comhlned atreaa; 
The calculation of the atreaa dlatrlhutlon In the akin 
"buoklea and the determination of the form of huokle "bj en- 
ergy methoda (reference 5} la foregone In favor of an aa- 
aumed atreaa dlatrlhutlon lav which la adapted to the teat 
reaults through the introduction of a characterlatlc fac- 
tor. The geometrical deformation in curved aheeta la 
treated In the aane faahlon. Xheae factor a can he ohtalned 
from testa xrith metal panels, partial ahella, or reinforced 
circular cylindrical ahella. 

After a survey of the huckling conditiona for flat 
and curved metal panels, ire proceed to a detailed analyals 
of the fundamental aaaxuBptlons underlying the approximate 
theory and to the presentation, according to this theory, 
of the analysis of the stresses and the deformations in 
stiff onod shells with "buckled akin. Lastly, the determi- 
nation of the stress diatri'bution factor from the experi- 
mental results "by Tagner and Lahde (reference 3) ia given. 

9?he particular prohlom treated by the approximate the- 
ory, la aa folloira: ▲ cylindrical shell aoctlon of uni- 
form (vanishing in the limiting caae) curvature (flg« 1) la 
almultanooualy atreaaed hy ahearlng and normal foroea* 
She applied loada are uniformly dlatrlhutod over the pe- 
riphery; tho normal forcea act only In the direction of 
the elements of the cylinder. 

What, in the case of elastloally flexihle atiffeners, 
are the atreaaea and deformatlona at given load or the 
forcea neceaaary to reach predetermined def ormatlonaT 
Special caaea are: pure compreaalon, treated heretofore 
chiefly from the point of view of apparent width (refer- 
ence 6; and pure ahear (referencea 4. 3, and 2)» 
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II. - THE- EUGELIHa OF- HET-AL FJUTSLS UITDEB 
SIMPLE ANS COMBIUE]} STRESSES 



Tho 'buclcling conditions for flat and curved panels 
and fstrips as well as for unstiffoncd circular cylindrical 
shells under simple Btrossos, have 'been compiled in Tahlo 
of formulas (p. 22), A discusalon of the formulas can ho 
found in Ehnor's report on shell "bodies (reforonco 7), 
while a comprohenslvo list of references on this subject 
is given In the report hy Ehner and Heck (reference 8). 

The conditions of buckling for comhined loading due 
to normal and shearing forces have net heen cleared up aa 
yet for all cases. For the flat strip under comhined 
stress, Fagnor (reference 9) gives; 

• 1 - i^S (1) 

0 0 

trhore 7]^ and T]^ are the critical stresses for huckling 
under comhined load, and cTq ''"o critical stress- 

es for huckling in simple compression and shear, respec- 
tively. He gives n = 2 for the exponent n for the long 
strip, TTliile Ohwalla (reference 10) holds this approxima- 
tion admisslhle for square plates only, and claims that 
for greater ratios of a/h (fig. 2), a curve composed of 
several branches is required. Bridget, Jerome, and Tosse- 
ler (reference 11) also give the formula (l) irlth an ex- 
ponent n = 3 for the critical combined stress of the un- 
stiffened circular cylinders; although the test data, upon 
trhlch.thls is based, disclose a wide scatter. Wagner and 
Ballcrstodt (reference 12) found tho relation (1) confirmed 
in their buckling tests with short thin-wallod metal cylin- 
ders in the range of superposed compressive stresses, xrhile 

arriving at a linear rolatlonshl-o between p and 

°o o 

with superposed tension stresses. Concerning the curved 
panel or curved strip, detailed studies are as yet lacking, 
although It is likely thr.t formula (l) will still bo ap- 
plicabjLo for determining tho critical stresses and that 
exponent lies between n = 2 and n = 3. Hereinafter, the 
relation expressed by formula (1) Is designated as "buck-* 
ling function" (fig. 2). It nust always be symmetrical 
to the CTjf/ao axis and have r. horizontal tangent for 
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T B 0, "because a reversal of direction of shear stress 
does not affect the critical stresses. 

For further studies, the crltloal principal lytress 
^2]c* critical stress (a^iT^) acts as naxi? 

mum coinpresslTe stress. Is of importance. If CF^ is the 
crltloal normal stress and T]^ the critical shear stress, 
the critical principal stress Ofg^ folloTrs from the seni* 
oral law of the plane stress condition as: 

^2k = I (*^k - I W +4^1) (2) 

Here the normal stresses, "being compressive, are put down 
negative. For o^k - - O'o • Cgk "becomes » - ao and for 

= 0, (Jj^Tc 'becomoB s - Tq. a^y^ remains a compressive 
streos even "by suporposition of great tensile stresses. 
If the. huokllng function is plotted in the a - t system 
of coordinates, then Uohr ' s circle affords a simple graph- 
ical means of determining the critical principal stress 
cgic (fig. K}> Xhe radius of !lohr*s circle corresponds to 
the prlnclpe.1 shear stress: 

Suokllng Is acconpauled by a stress rearrangement. 
In pure compression the compressive stress in the center 
of the peuiel between stlffeners remains almost constant,' 
and of the approximate order of magnitude of the huckling 
stress (reference 5), while with increasing load the stress 
in the stringers and in the adjoining parts of the panels 
increases materi'tlly. In pure shear the second principal 
stress (Jq after huckllng is determined hy the flerural 
stiffness of the skin and hy the memhrane stresses set up 
at the skin wrinkles as a result of their, curvature in the 
principal tension direction. Here also the sides of the 
panels are ahle to carry more than the center. !i?he prin- 
cipal tensile stress Cj^ ahsorhs. the principal share of 
the shear stress and the stlffeners which carried no load 
"before huckllng, receive after huckllng considerahle 
stresses' which may lead to failure of the structure. (Gf • 
Schapits and others. ) 
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III. TESOBSTICAL GOHSISJCBATIOZTS COHCXEinNO 
THE IHCOMFLBTE fEITSIOir BAT 
!• G-enersl Stress and Strain Zquatlons 



The calculation of the "Incomplete tension Ijay" 
formed after "buckling, rests on the theories of plane 
strain ajid plane stress, figure 4 shows a section "between 
two stringers and two hulkheads. On curved shell sec- 
tions (fig. 1) the y-dlrectlon Is In peripheral direction, 
and the x—dlrectlon Is In direction of the elements of the 
surface and consequently, that of the external normal 
forces. 

According to tho theory of plane strain, the angle 
a' "between tho principal strain direction and the posi- 
tive z-ozis (e Is tho maximum posltivo strain) is: 

taa^ a» = ^ " (3) 

Assuming for tho present, giron normal strains, the shear- 
ing strain is: 

■Y^yr^g cot a»(e-£3,)=2 tan a' (e -e^ )=2y (e -e^) (c -e^) (4) 

In pure tension, ^ - ^' ~ ^' P'^ro com- 

pression, 6 - Cj and cot a' = 0* Prom (4) it follows 
disappears in "both cases* ' 

In curved metal panols the Irrogular distortion hound 
up with tho "buckling is roplacod hy r. moon contraction of 
the skin in peripheral direction. This shortening of the 
periphery due to wrinkling ' (de slgnat ed hereafter by ^) 

is determined as follows: The traces of the central sur- 
face of the buckled skin on the longitudinal section planes 
formed "by the radii of curvaturo and the elements of the 
cylinder, are of wave form (fig. 5), and permit hy suffi- 
ciently great shell length the unique determination of one 
mean skin radius each in every sectional plane. The hase 
line of the cylindrical surface ( "suhstltute surface") 
formed "by these mean radii, passes hetween the stiff eners 
usually hotween tho original arc and the chord and is, 
with great shell length, symmetrical to the "panel center" 
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(fig* 6). If 'bx* Is Its are length 'batveen the stiff en- 
eve, -and- hi- . the. original arc lengtjt«. the .wrinkling £^ 



D^t - hi 

la defined 1)7 = ~ • If the wrinkling ehortene 

the aro to the ohord,- then (vith tp^ a hi/r^} 

2ph am ^ - th qpi 

The series development of sin leads, when hrokeh off 

aftev the term of the third degree, to the form fa- 

2il[~' highest value the wrinkling can assume* 

In flat motal panels the wrinkling Tanlahes hy virtue of 
the wave aymmotry with reapoct to the original center 
plane of the metal akin. 

She. investigation of the atreas condition. la hased on 
the consideration of the equilihrlum of a skin element 
(fig. 6)« If (7x1 ^B normal stress in the section 
perpendicular to the x-dlrectlon, the normal streaa in 

the aeetlon perpendicular to the y-directlon, and a the 
angle of principal axis and x-axls, the equilihrlum equa- 
tions read; 

(Tx = On + T tan a and Cx » (Tp + T cot a 
From the general laws of the atresi; condition follows: 

O'x + Og a Cjj^ + "CTp 

Transformed, these relations glvet 

•"x a —1— a cos a + 

ffp a T tan a + 0"b ^ (5) 
ffn = T CO t a * ^''a 

7roto the fundejnental equations of the plane stress 
oondltioni ' 



*Thia method of expresaing the wrinkling was. first intro- 
duced hy Ha Vagndr. 
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Bffp Br Ban 3t 

^ + -5- = 0 and -sz^+aZ'O 
oy -OX ox dQT 

■■ ■ 

it Is - seen that vlth equal shear stress at erery point 

aa- acn 

■g— a- s 0 and s 0. So, If the' second principal stress 

ag varies xrlth 7, then \7lth constant shear stress, 

tan a must also vary with 7. If emgle a Is assumed 
const&nt, the stress Ca must then also he put down con** 

stant* The assumptions for a and (Tq are treated In 
the following section. 

2. Ih.e Tundamental Assumptions for 

the Incomplete Tension Ba7 



Like Wagner's ideal tension 'ba7i the Incomplete ten- 
sion hey 1r an au2lliar7 concept,. The complicated stress 
and deformation processes immediately after buckling of 
the sheet are to he analyzed h7 a method which rests on 
simplo premises and is adaptable to the actual hehavlor of 
the pcAel 1)7 Introducing, suitably chosen index values or 
factors. 

The atixiliary concept of ideal tension bay is first 
extended to Include the "complete" tension bay* The con** 
cept of tiniform stress and strain condition is preserved 
at which the stress and strain principal axes are every-* 
where mutually coincident. But the second principal 
stress Ca ISi general, not neglected* Its magnitude 
is assumed as Independent of the load; we put it down at 
O's ~ <^2k' curved metal peuiels the wrinkling is as- 

sumed to be given b7 its maximum value of £y = — 9i°/24 
and independent of the load. 

The concept of "incomplete" tension bay premises a 
nonuniform distribution of the normal stress Cq acting 
in the sections at right angles to axis x (fig. 1). In 
the middle of the panel between the stringers (fig. 4), 
tho stress condition is, as in the tension bay theory, 
promised on an angle of tho princlpaL axis (% and on a 
socond principal stress <^2m' this gives, according to 
(5), a normal stress a^^j^ in the middle of tho panol« 
But at the fixation points of the skin, this stress is con- 
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Bldored as participating with the strlngera and the normal 
etreoB = <j^j^ ,1b cooiputed from the coa^roaBlTo and 

"bonding atressee hy the latter. Thus tho vldth oT the 
akin hy irhlch It touohoa tho atrlngor la cotuitod as part 
of tho atrlngor (fig. 7). In tho parta of tho "bay hotveon 
centor and atrlngora the normal atroaa la to follov 

the atroaa dlatrlhutlon lav: 

^n - ^nm - (^nm - ^nl) (?^) (6) 

At panel center y s 0, = <''nm> u> = 

dlatrl'butlon curve la a simple sinusoidal irave. For sim- 
ple compreaalve atreaa this distribution law la auggeated 
hy Lahde and Wagner la measurements (reference 6). The ex- 
ponent u) la the factor for the atreaa dlstrlhutlon In 
the Incomplete tension hay. 

As the load Increases the stress distribution ap- 
proaches that of the complete tension hay; according to 
figure 7, this process corresponds to a decrease of u) 
toward zero. The principal stress ag^^ In panel center 
Is assumed as = ^21^' ^° that, according to (5): 

(^m = T cot (% + (TzTc 

In curved panels the wrinkling t,^ la conaldered depend- 
ent on the degree to which the huckling load la exceeded. 
The wrinkling is the index value for the geometrical 

deformation of curved tension panels. 

5ow, the Calculation is materially simplified If the 
strain In the Incomplete tension hay is assumed uniform 
and the principal axes of stress and strain as being coin- 
cidents But to do so is to assume the direction angles a 
of the atreaa principal axea as everywhere the seune. Aa 
already stated under III, 1, the possibility of a scheme 
compatible with the fundamental eq,uatlona of the plane 
atreaa condition with equal ahear atreas t at every 
point, is predicated on the assumption of equal principal 
axea angles a and equal atresses at every point. That 
la to aay, after Introducing the aaaumptlon of a homogene- 
ous state of strain and coinciding principal axea of atresa 
and strain, the nonunlformly distributed atreaaea muat be 
replaced by mean values. 
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Th.e mean normal stress value over the ordinate 

lietween y = 0 and y = "bx/Z Is: 

._l>i/2 

■■ ■ "^n = <^nm - (^^nm " ^nl) ^ f ^in'^"* © ^7 

, o 
With X = 'T7/"bi , we have: 



For values of l/w = m, vhlch are vhole numhers and dlvls- 

•al 

r/2 



Ihle hy 2, the Integral ^ [m) follows from the relation 
(reference 13): 



= I J sln» X dX - ^ ^ • (7a) 

If m is not divlslljle by 2, the formula 

0 

should be employed. For small values of (u the calcula- 
tion may be limited to the whole numbered values of m 
and the rest interpolated. For higher values (say, for 
l/u) bettreen 1 and 2), fiauss ' Il-functlon must be resorted 
to. Figure 8 gives the curve of the integral 

lu = 0 to U) = 0*5. 

Accordingly, the mean normal stress value Is: 

°n = °"nm " (^nm " ^nL^ J(u>) 

Introducing a mean principal axis 'angle a', equation 
(5) results in: o^j^ s t cot a H- ffg and assuming (Tgm ^ 
0'2k t _ 

= (t cot + (T2k) (1 - J(ii))) + C^nL •''(uj) 
To simplify further calculations, we write Ojq ~ a. The 
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error Intr&duoed oem "be asaeased and If nebeaaary, elimi- 
nated Taj Buceeaalye approxi nation. With Og, " a : 

.o^^i =" cot a + (yg,^) (1 - J(uj)) + <^nL ^ im)'] 
and _ I (8t) 

The calculation of angle a and of atreas (Tj^j;, re- 

qiiirea an analyais of the atreaa and atrain condition of the 
whole ahell. - 

3. Calculation of the Streaaea and Straina 

a) Stiffener atreaaea .- If a ia the akin thickneaai 
Fj, th.e cross-sectional area of one stringer (incluaive of 
supporting skin strip), P thp external normal load for 
one panel, and the 'stringer at'reaa, the mean normal 

atreaa a la defined hy; 



<poaitlve if tensile atreaa) 



The mean atreaa ^'"^ the stringer follows from the equi- 

li^rituB of the internal and external forcea in a bay aa: 

°"x- 'l ^1 a = a (IPi, + hi a) 

which, with the ahhrevlation 8 s h^ a/Vj,, hecomea; 

a^. a or (1 + 6) - 8 CTn (9) 

The normal atreaa OTaL the akin acroaa the atringera 

ia compoaed of the hending and the normal ^tresa or^^ " 

(Ts + ax« Then (9) auhatituted in (8a) for a^i followed 
hy aolutlon for give a: 

tr(l + 8) . (l- J(u))) ^ J(u)) ^ 

1+8 J(cb) 1 + 8 J(u,) 1 + 8 J(^j = 

which, with the ahhreviation R = - . , ; finally givea: 

1+6 J(u)) 
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(1 + 6 H) - 6 a^n H - as 



8 + 1 



(1 - H) 



(9a) 



She etrlnger etresses In consequence depend on the bending 
moment B (acting In the radial plane). This relationship 
was confirmed in torsion tests irlth reinforced circular 
cylindrical shells (references 4, and others). With equal 
hulkhead spacing a, the mean value of the "bending moment 
between the bulkheads becomes zero, and the mean value of 
the normal stress o^x becomes: 



(Tx = ^ (1 + 8 S) - 5 E (t cot a + <r2k) 



(9D) 



In the longitudinal section perpendicular to the bulk- 
heads (cross-sectional area 7yt stress Cj, spacing a) 
the sum of the Internal forces must be zero, whence 



ff- s - -S— ft a 



(10) 



For brevity, we Introduce: Y = -^z^ • 



I", 



b) The mean principal stresses Ji and Ta and the 
t heorem s for components of strain . -« The mean value of the 

normal stress in the whole bay follows from (9) and 

(9b) as: 



<y (1 + 8) - o; 
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* = CT (1 - R) + E (t cot a + ask) (11) 



The factor E contains the quantity 8 = bi 

which is a function of the dimensions of the structure, 
is therefore not suitable to charactorlze in general the 
stress distribution in a metal panel stressed beyond the 
buckling limit. 

From (5) follows: 

a =» ffn + T tan a = O" (1 - E) 

+ E (t cot a+CT2fc) * *an a 



It 



further 

ffj.=ai-T cot a=(l-S)(a-T cot a)+T tan a+E 0"2k 
and 

0^ =aii+CTr-ffi =CTn-T cot a=(l-E)(a-T cot a)+E 



(12) 
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A,B In the foregoing formulas, the angles a are 
still iinknown, the asstuiiptlon of egulazlallty of stress emd 
strain condition inust "be introduced and the angle a b d* 
computed according to (3)a Shis requires the components 
of strain e, c^i and Cy- If v = l/m denotes Folsson*s 
ratio, ve have I 



c = i (<ri - V era ) (ISa) 



By virtue of the homogeneity of the state of strain, 
the strain is equal to the stringer strain 

= ^ (131)) 

The strain Cy comprises the bulkhead strain due to the 
stress (Tx = " (^r and a- share allowing for the mean de- 
flection of the stringers* In curved panels this is sup- 
plemented hy the trrlnkllng l^. Under the assumption of 

equal hulkhead spaclngs a, the mean deflection under the 
longitudinal load p is: fm = p a,*f'f2.0 EJ. In the -case 

of curved panel vith Inside reinforcement, ve must put 

p = CTr s cp (cp = angle at center hetveen tvo stlffeners) and 

J = Jj, (moment of inertia ..of stiff ener section ahout axis 
of center of gravity parallel to axis y); the share of 

f 

the strain e_ amounts to - , hecause the stlffener 

deflects in the radial plane. On the other hand, if the 
stlffener is at the edge, then p s s and J = Jl' 

(moment of inertia ahout axis perpendicular to shell tan- 
gent); the share of the strain is fm/^- With the ahlire- 

vlations Ki = 72^5^ and « Tf^^j^, «y la: 

«y - - (-Y + Ki) ^ + £y 

if the hay lies inside and 

€y = - (Y + + * Kj) ^ + ty 



if on the edge. 

and Kp + are, for short, written as 



K. 
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In the case of pure tensile strese, e >= and In 

pure compreaalTe stresa, e = as stated under III* 1* 

In "both caoes the ring stress disappears and the Initial 
stresses hetireen hulkheads and skin are left out of con- 
sideration. In pure tension Cbecause tan a = 0) we have 

aa " (Tr - 0 azi^ c a Ui/'S, Ihe component T cot a — + 

— - — (Tpvf vhon T — >0 and a — ^0, as folloTrs from- 

I - H ^'^ 

ap = 0. Assuming further B » 0 (that Is, •^(uj) " 
then ffj = ffjj a or^ =s or and consequently, c = £j.» 
assumption for E Is necessary "because the shell does 
not huckle under pure tension. In pure compresslon- 
T cot a s 0 and consequently, ai = (T^» For T s 0 and 

a = 11/2, It follows from 0*1 s = 0, that T tan a — »■ 

- [(1 - E) (T +. H CTgic ] . In order that e - € = 0 In 

pure compression, wo must havo ^y. » - v C^/^m Eowover, 

these . asGtimptlons cover only the conditions In curved pan- 
els; In straight panels the consldoratlons are different 
(reference 5). 

c) Th e formulas for the angle of principal axl p 
t he ahoarlng strain .- In order to formulate (3) for 

tan" a, we Insert S/Cgjj. in the fraction ^ - _ and 

Introduce the a'b'brevlations * = "^/^Zk ^ ~ ^/°^2k * 

Ihen we put tan^ a = Z/F, wherein 

Z = (* cot ar-T\) (E (1+6-v) + u) + * tan a + S (l+8-T>) 
and 

H = * cot a [E - (1-E) (V+K-v)] 

+ « tan a (I+Y+k) + Tl (1-E) (1-u+Y+k) 
+ E (1-V+Y+k) + E i^/^2Tc ^^^^ 

According to (4) 

Yjy = 2 yz N (r2k/E (15) 

The previously treated case of pure shear Is ohtalned when 

II = 0. This formula differs from the one given previously 
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(reference 4, and other is) "by the oonslderatlon of the trane- 
Ter<e- stradB' due to -etre-aa g-a and "by -the - modified formula 
for the tranBTerae atreaa a^* |t should alao he home In' 
mind that the 4 raiu-es hecome negatlTe heoauae c^jc " " 

If J(u)) sAd iy are known f or^the^loadlng condi- 
tions 4 and 1), ve determine E = . ) ■■ ajid com-* 

1 + 6 J(„^) 

pute angle a from (14) "bj trial. .The shearing a train 
Y^y la computed from (15) vlth the defined raluea of Z 

and H, end the atlffener atreaaea determining the ahell 
atrength from (9) to (12). ■ 

At the huokllng point In pure shear, ire have .T) a 0 
and d = •> 1. It Is readily seen that (14) must he sat- 
isfied with t&u a s 1, We have Z » V = - (1 + v). Then 
(15) glres: 

Y_ = + ^ <^ ^> , Ift 

and so estahllahes the conneotlon with the conventional 
elasticity equation. 

The calculation of incomplete tension bays is aooord-* 
Ingly possible when the factors ly and u) are experi- 
mentally obtained In their relation to the loading condi- 
tion. 

4. Tho Index Values of the Incomploto Tension Bay 

Tho factor lu concerns, as statod uador III« 2, the 
distribution of thQ normal stresses over the width of 

tho bay. It Is thorofore Important for flat as woll as 
for curTod motal bays and Is of significance In all the 
conditions of loading for a buckled skin which have bean 
troatod horo. In pure shear and In combined stress 
U) — »-0, •'^(u,) — ^T^^ B — ^1 with tho approach to tho 

complete tension bay by Increasing load. H aAstunes an 
Indeterminate form at the buckling point. In the case of 
a pure compressive load, the assumption that the second 
principal stress ogm at panel center retains the criti- 
cal value ■ Ogle Independent of further loading, doe a not 
exactly hold true; this atreaa rather increaaea (reference 
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5) and *^(u))> consequently (u, are under the assanrp- 

tlon of constant principal stress eram greater than cor- 
responds to the actual- stress dlstrl'butlon* A relation 
exists "botireen the apparent width' t and the factor B. 

• JU 

For 

P = <r I-L (1 + 8) = ff^c (^"1 + b) = CTx + an 6 
and rafter Insertion of ^9'b)i 

^O- (1 + 8 H) - 6 E CT2kJ ^1+6 =» CT (1 + 6) 

vhlch irlth tho ahhrevlatlon • T| = — and solution for S 
gives: ^ ^ 

E = (16a) 
^ - ^ 1 . 8 I? 



The solution for 'bj^/'b^ gives: 



^ T1 - B (n 1) 
T>i~6B(Tl-l) + Tl 



(161)) 



Thus for T| = 1 (CT = 0"2k^ ^^i-y fully supporting and 

the corresponding value B 'becomes indeterminate and must 
he extrapolated from test data or else arrived at from 
theoretical considerations. Given the apparent width from 
test data or theoretical formulas, the relation (16a) al- 
loirs In the case of pure compression a determination of B 
and consequently of (uj) 

The factor t,j concerns only curved metal panels and 

Its practical Importance is limited to the case of pure or 
superposed shear stress* The magnitude of iy approaches 

with increasing load the limiting value - cpiV24 asymp- 
totically; the law of this increase must he decided by 
experiment. It Is proha'ble that In pure and superposed 
shear the wrinkling is solely dependent on the magnitude 
of the shearing strains present. 

For pure and superposed shoar the factors ty BJid U) 
are ohtalned from shear-compression tests on metal panels 
In which the strains "ixj "n d the stresses corre- 
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spondlng to the applied Btressea a BOLdi. t must "be meaa- 
jii'.ed. Pro* .(9."b) fol.lovBi. ; 

H = = ^ r (17o) 

8 [ct - T tan a - 0"2k3 8 (Tl - • cot o - 1) 

On the othor hand, from (4) follova: 

Z = B (€ - e^VcTgi^ = i tan a 

and, aft or aolutlon for H (ef . (14) ajad (19h): 

*(tan a+v cot a) + .Tl(l-w) - ^ "^xy 0')/^zk 

(1-v) ("n-* cot a-l) 

(171)) 

Equating '(17a) and (171}) give a n quadratic equa- 
tion for ton a: 

aj. tan® a + l)x ton a + Cx = 0 (18) 

vlth the ahhroTlatlona : 

ni = (« - i I Viy/CT2k) 8 

hi = Tl (1 - w) (1 + 6) - (1 - V + 8)/ar2h: 
Ci = 6 * i> 

Xhe aolutlon glvea angle 'a from the meaaured Taluea of 
ffj^ and ^^^^^ irhlch £ la computed from .(17a) and 

J{mj from J(u)) = 1"+"^^* wrinkling ty la oh- 

talned from 

H = B (e - «y)/0"2k "is fxj a/ff2k 

with conaldera'frlon of (14) aa: 

ty = i V^y cot a - [* cot a (H-(l-H) (Y+K-w ) 
+ « tan a (1+V+k) + Tl (1-E) (I-w+Y+k) 
+ a (1-W+Y+K)] ff2k/B (19) 
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The differences of stress In (17a) and those of strain 
In (19) In the Immediate vicinity of the "biiolcllng point 
leave some douht on accoxmt of the smallnesB of the stress-* 
es. In this range it soems desira'ble to supplement the 
taats tj a theoretical analysis hy means of energy methods; 
this vould also hrlng some clearness concerning the most 
practical assumption for the principal stress ag]^ in 
panel center. 

5. Determination of -Stress Dlstrihutlon factor u) 

from the Test Data hy Tagner and Lahde 



The shear-compression tests by Wagner and Lahde (ref- 
eronco 3) trlth 'buckled panels under various stress condi- 
tions constitute tho only ozperimonts till nov irhlch af- 
ford somo insight into tho relation hetiroon factor (u and 
tho load* Thoeo tosto vorc made on panels irith vory 
strong stringers, so that approzimatoly 6 ~ 0 and o* ~ 
v^ilo Hho elongation perpendicular to the direction 

of comproaslon tras largely roBtrninod (Y = k = 0; ty = O)* 
Novortholoss, thoir findings c.ro also appllcahlo to more 
gonornl caaoo. 

For conatrJit load ratios ^ = ^, tho toata for shoota 
of difforont thicknosa disclosed a llnonr docroaso of tho 

T 

q^uotiont — with dpcroaalng square root of tho recip- 
rocal atroaa ratio = ^ = that is, 

I T CT 



^-/-[(i4-),-H[yw] 



Trhoro — j la tho oxtromo valuo of thia quotient for 

1 1 

J = 0. But -Tf- ■a 0 for = 0; that is, tho case of 

the ideal tension "bay. There ire find for Cy = 0 ; tan° 

= 1 - "T^ sin a- cos a. and (■— — ^ = . — = 

T ' ' WYj-y/jj 2E tan a, e 

C0B° ag/2. 



To Inaure continuity with the elastic condition in 
the evaluation of the teat a at the "buckling point, it la 
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necessary tc take the transverse elongation due to the 
crushing' •-' (e^O • Into con slderafrton a/t the "buckling 



point. Upon reaching the complete tension hay this strai n 
Is neglected. Tor this reason, tre put Cy a « v Cxv^TT* 
VI th this ralue. formulas (4) and (12) glre for B: 

T\ri-u (1- Jl/i )3 + *(tan cc+w cot. a) - STY,-, cot a/2(r^^ 

(1-v) (T1-* cot Ofr-1) 

(17c) 

Equating (171)) and (17c) gives for (r^ ~ at 



oot 2a = J. (l + . j^. (19) 

with X = — ~ As a - 1 - J^toji transformation of 

(17"b) gives: 

X - (tan a + cot a)- (1-v) ffat/T + i 
^(u>) ' (1-u) (X - cot a - a2t/T) 

^ (20) 

Uaklng use of the linear relationship between — r; — 

and compute from (19) the angle a for all de- 

formation conditions as well as the factor J(u)) f^rom 

(20), not forgetting that = (X 4)/2t, ac- 

cording ^o equation (2)* 

Figure 9 shows the factors - ^^Qy plotted against 
for load ratios r - X = 0, X = 0.6, X b 1*2 and . 
X = 00. The curve of X = » is -computed according to the 
formula: 



ebtahllshed "by Uarguerre (reference 5) for the apparent 
width with pifre compresslvo stress. The curves for all 
loading conditions could, as Is seen, he satisfactorily 
approximated hy one single curve. 
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The stress dlstrlli-atlon factor (U for all A' a is 
sufficiently exactly obtalnalile from the formiila:: 

«, = (i)"'" (21) 

If the values of l/| are small, the formula Is in good 
agreement with the test data; "bj greater values it remains 
on the safe side. 



Translation hy J. Tanier, 
National Advisory Committee 
for Aeronautics. 
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Table of FomialaB for the Critical Buckling Stress of Plates and Shells Under Simple Stresses 



8, wall thickness: r, 



radius of curvature; v ^ Foisson's ratio 



Stress 



Compres- 
sion 



Shear 



Flat plates and strips 



Critical 

' E / s \* 

compressive stress «kr==*j;^^(y) 
' .- ' All sides supported 



All sides clamped 



alb 


1 


.2 


3 


00. 


k 


7,7 


6,7 


6,4 


6,0 



E I sY 

Critical shear stress =*)i-^(y) 
All edges supported 



alb 


1,0 






1,6 


1,8 


2,0 


2,5 


3,0 


oo 


K 


7,75 1 6,68 1 6,00 1 5,76 


5,59 


5,43 1 5,18 1 5,02 


4,4 



All edges clamped 



alb 


1 


2 oo 


k. 


12,7 1 9,6 1 7,4 



Curved plates and strips 



Redshan's formula 



alh 


0^ 


0,6 


1.0 


1,4 


1,8 


2,4 


3,0 


oo ! "to 


* : 


6,92 


^^23 


3,29 


3,68 1 3,32 


3,40 


3,29 


3,29 



Edges counted as supported 



1 



Unstiffened circular 
cylindrical shells 



Critical 
^^iiiu compressive stress 



I 



1 



0,4 



ii: 1— »-» 

Effect of initial 
buckling, etc. 
allowed for 



i 



Critical shear stress 



with 



rp = 4,85£(s/6)' 
• = 0,1 Esir + 5,0 £ |y)' • 
Edges counted as supported 



for ffr<5:, 

T» = 0,1 £s/r + 5,0 

(Wagner-Ballerstedt 
formula) 
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Figs. 1,2.3 



r 




Figure 1.- Shell section diagram. 




Figure 2.- Buckling foncation of plates and shells under 
combined normal and shearing stress. 




Figure 3.- Determination of critical principal stress rf. 
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Figure 4.- Coordinate system and coniponents of strain. 
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Figure 5.- Determination of wrinkling ^y. 
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Figs. 6,7,8,9 




Figure Distribution of the 

nonnal stress a^. 
over the width of panel. 



Figure 8.- Curve of integral 

2 J 




Figure 6.- Eqailibrluin of 
skin element. . 
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Figure 9.- Curves of JCtc) 

plotted against 
stress ratio for flat 
metal 8trip( Wagner and Lahde 
test) 
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